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Abstract
Shapes and boundary types of a groundwater basin play important roles in groundwater
management and contaminant migration issues. Hydraulic tomography (HT) is a recently
developed new approach for high-resolution characterization of aquifers. HT is not only
an inverse methodology but also a logic data collection approach to integrating non-fully
redundant hydraulic information to provide high-resolution characterizations of aquifers.
In this study, HT was applied to synthetic 2-D aquifers to investigate its feasibility to map
the irregular shapes and types of the aquifer boundaries. We first used the forward model
of VSAFT2 to simulate hydraulic responses of aquifers due to pumping tests under
combinations of irregular shaped boundary conditions, e.g., constant head, flux, and noflow boundaries. Then, we used SimSLE (Simultaneous Successive Linear Estimator)
inverse model in VSAFT2 to estimate the spatial distribution of hydraulic properties within
rectangular shaped domains with constant head boundaries. The simulations were
conducted in both steady and transient state using different monitoring network to assess
the ability of HT with the different network for detecting types and shapes of the boundary.
Furthermore, the improvement of the estimation with prior information of T was also
investigated. These cases were investigated using Monte Carlo simulations to ensure
statistical meaningful conclusions.
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Introduction
The spatial distribution of hydraulic properties is significant for issues of groundwater
management and contaminant transport. Many analytical solutions were created to
estimate hydraulic parameters, for instance, the Theis solution (Theis, 1935) and CooperJacob solution (Cooper and Jacob, 1946). However, some assumptions of these
analytical solutions might not be found in the real world, especially the assumption of
homogeneity and the infinite extent of the aquifer. In a couple of decades, numerical
solutions have been developed to deal with more complicated calculation and more
detailed of the spatial distribution of hydraulic properties. In this study, the method of
Hydraulic Tomography (HT) (Yeh and Liu, 2000) in two-dimension is employed to
investigate the aquifer heterogeneity. HT is considered to be a cost-effective method (Ni
et al., 2009) due to the series of pumping test that allowing us to obtain more head data
from the limited number of installed wells. Many experiments of HT were taken both in a
laboratory sandbox (e.g., Liu et al., 2002; Liu et al., 2007; Yin and Illman, 2009) and field
study (e.g., Straface et al., 2007; Wen et al., 2010; Berg and Illman, 2012; Zha et al.,
2016). Their studies indicate that HT can characterize the detailed aquifer heterogeneity
including geological structure such as fault and fracture.
The boundary condition is essential to determine the uniqueness of a solution of the
governing equation of groundwater flow, which is a second-order partial differential
equation (Reilly, 2001). In this study, we investigate the effect of using an incorrect
boundary condition. The conceptual model of buried valley aquifer is applied to our
simulation. This type of aquifer is generally located in North America and Europe where
were glaciated in the past (Cummings et al., 2012; Kehew et al., 2012; Baechler, 2017).
Subglacial meltwater eroded rock or sediment surface beneath the ice sheet and carved
the host rock into the tunnel shape. The tunnel of impermeable substratum was filled with
sequences of coarse- and fine-grained sediment (Høyer er al., 2015). We synthesize the
2-D buried valley model by substitution the impermeable area with no-flow boundary and
channel area with constant head boundary. The material inside the domain is
heterogeneous. Wells are installed and a series of pumping tests are conducted to obtain
the observation data of drawdown in the domain. Then, we create the scenarios that might
possibly occur in a field study which are the impermeable parts are buried beneath the
surface and they cannot be visually detected on the surface. This leads to the question
for an inverse model that: can we assign constant head boundaries to the invisible
impermeable material? How well can we estimate the material inside the domain when
using incorrect boundary? And whether HT can detect the impermeable part?
To improve the estimation of hydraulic properties, prior knowledge of the aquifer, such as
transmissivity (T), flux (q), correlation length (λ), or geological structure is needed (Tso et
al., 2016; Zha et al., 2017). In this experiment, the prior information of the transmissivity
is applied to the inverse model. We compare between using uniform T initial guess, which
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is the value of mean T, and non-uniform T, which is obtained from the estimation in steady
state. We also examine the roles of geologic information: 1) The geologic information in
the study area is not considered. The prior knowledge of T does not present any zone of
low permeability. 2) The information of geology of the buried valley area are known; the
rock formations are approximately described as low transmissivity zones.
Materials and Methods
Model Setup

A 2-dimension horizontal forward model is synthesized with an irregular domain (Fig. 1a)
by using a graphic user interface of VSAFT2 (Variably Saturated Flow and Transport
utilizing the Modified Method of Characteristics, in 2-D) (Yeh et al., 1993). Left- and rightboundary are designed as no-flow boundaries representing zones of the impermeable
formation. Top- and bottom-boundary are assigned as constant head boundaries
portraying the channel between the buried valley. Nine monitoring wells are penetrated
into the channel region. Red and black circles indicate the location of the pumpingmonitoring wells and monitoring wells, respectively. Five individual pumping tests are
conducted sequentially; the observation data are collected from eight observation wells
in each stress. Fig. 1b and 1c are the 50x50 grid cell size with 4m spacing domains
designed for the inverse model. The boundaries of the domain are incorrectly specified
as constant head boundaries following the scenario that the impermeable substratum
cannot be seen from the surface. Fig. 1b represents the situation when the geology
information is not considered. On the other hand, Fig. 1c displays the black zones, which
were approximately delineated describing the impermeable zones with low transmissive
material.
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Figure 1. Model domain for the simulation of (a) forward model and (b), (c) inverse model

The random field of transmissivity (T) and storage coefficient (S) is generated by using
the stochastic concept (Yeh, 1992, Yeh et al., 2015). The spatial distribution is described
by mean lnT, variance lnT, and correlation length. The isotropic material (Fig. 2a and 2b)
is synthesized with mean lnT and mean lnS, -1.498 m2/d and -7.457 [-], respectively.
Variances of lnT and lnS are 1.61 and 1.10; they describe the variation of T and S from
3
www.comeii.com | www.riego.mx

Quinto Congreso Nacional COMEII 2019, Mazatlán, Sin., del 18 al 20 de Septiembre de 2019

the mean value. The correlation length in X and Y axes are 50 m indicating the geometry
of aquifer in X and Y direction. Pumping wells and monitoring wells are fully penetrated
into the synthetic aquifer.
The characteristics of groundwater flow in a two-dimensional, depth-averaged, saturated
medium can be described as a governing partial differential equation:
𝜕𝐻

∇ ∙ [𝑇(𝒙)∇𝐻] + 𝑄(𝒙𝑝 ) = 𝑆(𝒙) 𝜕𝑡

(1)

base on the boundary and initial conditions:
𝐻|Γ1 = 𝐻1 , [ 𝑇(𝒙)∇𝐻] ∙ 𝒏|Γ2 = 𝑞

and

𝐻|𝑡=0 = 𝐻0

(2)

̅ is the total head [L], Q(𝐱 p ) is the pumping rate
where T(x) is the transmissivity [L2/T], H
3
[L /T] at location xp , S(x) is the storage coefficient [-], H1 is the prescribed total head at
Dirichlet boundary Γ1 , q is the prescribed flux at the Neumann boundary Γ2 , 𝒏 is a unit
vector normal to the boundary, and H0 is the total head before applying any stress to the
aquifer.
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Figure 2. The same realization of (a) transmissivity and (b) storage coefficient.
Hydraulic Tomography Analysis

The collected simulated head data form multiple pumping tests are considered at once in
order to estimate T and S with Simultaneous Successive Linear Estimator (SimSLE)
(Xiang et al., 2009) inverse model in VSAFT2. As SimSLE requires the prior information
of mean, variance, and correlation length of material properties, we focus on different
data of prior T and S to evaluate the estimates in the channel part of the buried valley.
We study two major approaches: for Case A, we use the square domain with one T
distribution zone (Fig. 1b); and for case B, we use the square domain with two T
distribution zones (Fig. 1c). Inverse models are performed in both steady and transient
4
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state. The estimation of T from the steady state will be applied as the non-uniform prior
information or initial guess for the transient state inverse model.
Case 1 Uniform Initial Guess of T and True S (1A, 1B): The true distribution of S is used
as prior information; we only estimate T to reduce the number of parameters in the
estimation. The prior information of T is the uniform distribution. The identical value of
average T of true material over the domain is assigned.
Case 2 Non-uniform Initial guess of T and True S (2A, 2B): This case also applies the
distribution of true S to the inverse model. The initial guess of T, in this case, is nonuniform; the T distribution obtained from the estimation in steady state.
Case 3 Uniform Initial Guess of T and S (3A, 3B): The uniform distribution of prior
information is defined by average values of T and S of the true material.
Case 4 Non-uniform Initial Guess of T and Uniform Initial Guess of S (4A, 4B): The
estimated T from the steady state is further applied to this case with the uniform
distribution of the average value of true S.
Performance Metrics

To evaluate the HT inverse model, the true values of T are plotted against the estimate;
the regression model is applied. The criteria of the coefficient of determination (R 2), the
mean absolute error (L1), the mean square error (L2), the slope, and intercept, which
produce the best linear fit, are taken into account. L 1 and L2 can be described as the
following equations:
1

𝐿1 = 𝑁 ∑𝑁
̂𝑖 |
𝑖=1|𝑥𝑖 − 𝑥
1

𝐿2 = 𝑁 ∑𝑁
̂𝑖 )2
𝑖=1(𝑥𝑖 − 𝑥

(3)
(4)

where N is the total number of elements, i is the element number, 𝑥𝑖 is the true T value at
the element i th, and 𝑥̂𝑖 is the estimated T value at the element i th.
In general, the higher R2 indicates a better result; the lower L1, L2, the better of the
estimates. The slope that closes to 1 is likely to parallel to the true distribution; the
approaching to zero intercepts are the better.
Results and Discussion
The statistics data for each case are summarized in Table 1. These numbers are based
on the calculation from a single realization or one possibility of the heterogeneity of the
assigned mean, variance, and correlation length. Only the data point inside the irregular
boundary is used in the calculation.
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With one realization, we cannot make a conclusion that which model is better than
another. Only 3 of 5 cases in two-zone materials have higher R2 and lower L1 and L2 than
one-zone material. The non-uniform initial guess obtained from the steady state cannot
clearly indicate that it helps the inverse model to improve the estimation in this realization.
However, despite the incorrect boundary that we assigned to the inverse model, HT
estimation can capture the general trends of low T and high T material inside the irregular
domain. Moreover, it can capture the no-flow boundary. Although the results of the
estimation cannot delineate the exact region of the impermeable boundaries, the model
represents the area along the no-flow boundaries with low T zones (blue areas close to
the left- and right-boundary in Fig. 3 and Fig. 4).
Table 1. Statistics of one realization of a heterogeneous aquifer.
Performance metrics

R2

L1

L2

Slope

Intercept

1 Zone
Steady state
(Uniform T)
1A
(Uniform T, True S)
2A
(Non-uniform T, True S)
3A
(Uniform T and S)
4A
(Non-uniform T, Uniform S)

0.60421

0.77713

1.1327

0.92387

-0.587308

0.54351

0.68621

1.2064

0.87916

-0.553439

0.6413

0.63442

0.8673

0.90559

-0.480715

0.60327

0.68261

0.98389

0.90007

-0.482603

0.58929

0.78298

1.1688

0.91392

-0.59845

2 Zones
Steady state
(Uniform T)
1B
(Uniform T, True S)
2B
(Non-uniform T, True S)
3B
(Uniform T and S)
4B
(Non-uniform T, Uniform S)

0.56457

0.66892

0.83307

0.68725

-0.768085

0.63523

0.57958

0.80137

0.8745

-0.451869

0.62672

0.56983

0.84331

0.87976

-0.460314

0.67481

0.56678

0.65214

0.84551

-0.475503

0.6439

0.66283

1.0014

0.9633

-0.471829

As we cannot make a conclusion from a single realization, initially, we simulate other nine realizations to
investigate the general picture of this experiment. Fig. 5 shows that simulations of two-zone materials have
better statistics: higher R2, lower L1, L2, and intercept values. The case that has the best statistics values
based on these ten realizations is case 3, uniform T and S. This indicates that the prior information from
the steady state estimation and the role of true S as the initial guess are not significant to perform an inverse
model. However, all of the results are dependent only on ten scenarios of heterogeneity distribution.
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Figure 3. True T field comparing with one-zone case estimated T fields in logarithmic scale.
(SS is steady state)

Figure 4. True T field comparing with two-zone case estimated T fields in logarithmic scale.
(SS is steady state)
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Figure 5. Average and standard deviation of performance metrics of ten realizations
comparing between one-zone and two-zone cases.

Conclusion
We can obtain more head data from the limited number of groundwater well by using HT
method. The collected observed head data at different location contain the information of
the heterogeneity of the aquifer as well as the boundary. The no-flow boundary or the
impermeable formation of rock will be represented as low transmissive area. The
knowledge of geology and structure in the study area can help to improve the estimation.
However, more realizations have to be considered to make a more robust conclusion
about the role of the prior information.
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